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Calculation of Nonlinear Subsonic Characteristics
of Wings with Thickness and Camber at High Incidence

R. Gordon* and J. Romj
Technion—Israel Institute of Technology, Haifa, Israel

A new vortex lattice model for the calculation of the flow over delta-shaped wing planforms at high angles of
attack in subsonic flow is presented. This model enables the prediction of the aerodynamic coefficients and the
pressure distributions for a wide range of wing planforms, in particular for delta-shaped wings with and without
camber. The new vortex lattice model is combined with the panel source singularity for the calculation of the
aerodynamic characteristics of thick wings having sharp leading edges. The calculated aerodynamic character-
istics are in very good agreement with experimental data, while reasonable agreement is obtained in the evalua-
tion of the pressure distributions. A parametric study of the numerical model and some numerical considerations
which enable considerable reduction in computer time are also discussed.
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Nomenclature
wing aspect ratio
wing local span
wing root chord
wing mean camber function
drag coefficient
drag due to lift coefficient
lift coefficient
pitching moment coefficient taken about the wing
apex
pressure coefficient
wing surface function
coefficient matrix calculated by the Biot-Savart law
number of cells or number of contributing line
vortices
normal vector to the wing surface
number of subdivisions of the root chord
number of subdivisions of the semispan, b/2
ratio of leading-edge line vortex step
length/ wing-cell length = Ax/ Ah
location vector
center of vorticity, Eq. (7)
maximum thickness of centerline airfoil section
wing thickness function
Cartesian components of perturbation velocity
velocity vector
velocity induced by local distributed vorticity vector
velocity induced by line vortices
velocity induced by panel sources
Cartesian coordinates
aerodynamic center of pressure
angle of attack
Laplacian operator
jump or change in a quantity
C —C^lower Aipper
wing cell length
step length
yawing angle measured with
respect to wing symmetry plane
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F = strength of a line vortex
F = vector of strengths of horseshoe line vortices
A = wing leading-edge sweep angle measured with

respect to wing symmetric line
</> = perturbation potential
p = fluid density

Subscripts
= center of vorticity
= index of control point
= index of station along a line vortex
= normal to wing surface or wing mean camber sur-

face direction
= reference quantity
= freestream condition

ref
oo

Superscript
( /) = iteration number

Introduction

SLENDER pointed wings with highly swept sharp leading
edges are of interest for both subsonic and supersonic

flight. At subsonic flow conditions these wings develop
separation-induced vortex flow at the incidences which occur
in sharp maneuvers and at the takeoff and landing condi-
tions. The flow separation takes the form of two free vortex
layers joined to the leading edge of the wing, which roll up
to form spiral-shaped vortex sheets above the wing. The low
pressures associated with these vortices generate additional
lift on the wing, thus causing the well-known nonlinear aero-
dynamic characteristics.

Potential flow methods that assume attached flow cannot
predict accurately either the wing surface pressure distribu-
tion or the overall nonlinear aerodynamic coefficients of the
wing.1'2 Many theoretical methods have been developed to
include the effects of the shed vortices. The leading-edge suc-
tion analogy method developed by Polhamus1"4 predicts the
aerodynamic coefficients CL, CD, and CM reasonably well
for delta wings with aspect ratio less than 2.0, but it does not
provide the flowfield details or the surface pressure distribu-
tions. Theories based on slenderbody conical flow assump-
tions5'6 qualitatively predict the observed pressure distribu-
tion over the front part of the wing but overpredict the ex-
perimental pressure distribution toward the trailing edge,
thus providing inaccurate aerodynamic coefficients. Conical
flow methods were followed by methods based on three-
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dimensional models in which the free vortex sheet is
represented by a lattice of line vortices7-15 or by vortex
sheets.16'20 These methods were reasonably successful in
predicting the aerodynamic coefficients and in some cases
also the pressure distributions for delta wings. A review of
various methods based on rolling up vortex sheets for three-
dimensional separation is presented in Ref. 21.

This paper presents a new vortex lattice method for the
calculation of the flow over delta-wing planfbrms at high
angles of attack. Results are obtained for a wide range of
aspect ratios of flat delta wings. The new model is also ap-
plied to the calculation of the flow over a cambered delta
wing. Results are obtained for a delta wing of & = 1.15 hav-
ing a NACA 230 camber profile.

The new vortex model is combined with the panel source
singularity for the calculation of the flow over thick wings.
Results are obtained for a delta wing of &= 1 having a 12%
thick biconvex profile. A parametric study of the method
and some ways to reduce the computer time are also
presented.

A compatible method of calculations of the aerodynamic
characteristics of bodies at high angles of attack was presented
by Almosnino and Rom.35 These computation methods can be
combined to enable the calculation of the aerodynamic
characteristics of wing-body configurations up to relatively
high angles of attack.

Method of Calculation
The perturbation velocity potential $ of the inviscid in-

compressible* flow past a wing satisfies Laplace's equation:

V2</> = 0 (1)

and the following boundary conditions: 1) the wing surface
is impermeable, i.e., (F^-l- V</>)-/i = 0 on the wing surface;
2) there is no pressure jump across the wakes emanating
from the leading edges and the trailing edges of the wing;
3) the Kutta condition which requires finite velocity at the
wing trailing edges should be satisfied; 4) the disturbance
velocity, V<£, mus| vanish far from the wing and the wake's
surfaces.

The vortex lattice method for the solution of the problem
posed above, for wing planforms of zero thickness is based
on modeling the lifting surface by a system of horseshoe line
vortices. These horseshoe line vortices emanate from the
wing. The position of the separation location of these line
vortices from the wing surface is specified by consideration
of the physics of the flow separation over the wing. In the
present method these vortices are allowed to separate at the
trailing edges and at the side and leading edges of the wings,
free to roll up, thereby simulating the wake and the free
vortex sheets that separate from the sharp leading edges.

The method for the calculation of the flow over thick
wings is based on modeling the wing thickness by potential
panel sources of constant strength. The effects of camber,
twist, and incidence are modeled by the superposition of a
system of horseshoe line vortices as in the vortex lattice
method. The details of the algorithm for the calculation of
the aerodynamic characteristics of wings of zero thickness
have been previously presented in Refs. 10 and 11. The
Kutta condition is automatically satisfied for both the zero
thickness case and the thick wing case by fulfilling the
tangential flow boundary condition at the trailing-edge
panels.

The relevant details for both thin and thick wings are in-
cluded here in order to present a complete description of the
general method for the thick wing calculations. A step-by-
step description of the algorithm follows.

*The problem can be extended to compressible subsonic flow by the
application of the Prandtl-Glauert transformation.

Step A (for Thick Wings Only)
The wing surface function f(x,y) is decomposed into the

sum of two functions: f(x,y) = c(x,y)±t(xfy). The wing
thickness function, z= ±t(x,y) is set at zero angle of attack,
and its chord plane is divided into a finite number of cells
(panels). A control point is placed at the three-quarters point
of the panel's root chord, on the center chord of each panel
(Fig. 1). Sources of constant strength are distributed on each
of the panels. The strength of the panel sources is determined
by the solution of a system of linear equations set up to
satisfy the boundary condition of tangential flow over the
thickness configuration at the control points. The chord
plane of the wing thickness configuration with the evaluated
panel sources is now placed at the required angle of attack a.

The analytic expressions derived by Woodward22 are used
herein to calculate the perturbation velocity induced by the
sources of constant strength distributed over the panels.

Step B
The mean carnber surface of the wing is set at the required

angle of attack a. Its chord plane is divided into a finite
number of panels. A horseshoe line vortex is placed in each
panel, with its bound vortex located at one quarter of the
panel's chord, and a control point is located at three
quarters of the middle chord of each panel (Fig. 2). The
trailing vortices of the horseshoe line vortices emanate from
the wing at its trailing edge or at its leading edges/side edges
as prescribed.

Step C
The commonly used assumption according to which the

free line vortices are straight lines in the x-z planes, leaving
the wing edges at an angle a/2 to the wing, is used in the
present calculations.

Step D
An initial location of the free line vortices is assumed. The

strength of the vortices is calculated by solving a system of
linear equations set up to satisfy the boundary conditions of
tangential flow over the camber surface of control points.
The relation between the strengths of the line vortices and
the normal vector of velocities at the control point is

H(i) -T — — VJ.J- * ,v —— T rr (2)
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Fig. 1 Paneling of the chord plane of the thickness configuration: a)
top view, b) side view at y - 0.
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Fig. 2 Paneling of the chord plane of the mean camber surface: a)
top view, b) side view at ̂  = 0.
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where for thick cambered wings, V^>n is the freestream vec-
tor of velocities normal to the wing mean camber surface.

Step E
Now, the path of the free line vortices is updated by im-

posing the force free condition on the line vortices. The free
line vortices are divided into a number of straight line
segments followed by a semi-infinite line segment. The posi-
tion of each line vortex is updated as follows: starting the
calculation from the first point at the wing edge, each divi-
sion point of the line vortex is updated until all points on the
line are recomputed. The new position of each point is
calculated from the latest positions of all the line vortice
segments, including the newly calculated positions, according
to

-(*,—*,•-;)

*j'> =#>, (3)

In the case of thick wings, the induced velocity components
also include the velocity components induced by the panel
sources that were calculated in Step A. This calculation is
repeated for every line vortex that separates from the wing
planform. Equations (3) are a numerical expression for the
condition of force-free line vortices: p - F x T = 0.

Step F
The process is recycled by replacing the previous approx-

imation of the free line vortices location by the new approx-
imation and returning to step D. The process continues until
a given convergence criterion for the position of the free line
vortices is obtained. After the convergence of the calcula-
tions of the positions and strengths of the free line vortices
has been achieved, the pressure coefficient at each control
point on the wing chord plane is calculated. The forces and
moments acting on the wing are then obtained by numerical
integration, as described in the next section.

Calculation of Pressure Coefficient Distribution
and Aerodynamic Coefficients of the Wing

The numerical calculation presented in the previous sec-
tion yields the velocity field from which the pressure coeffi-
cients are calculated at the control points and then integrated
to find the forces and moments acting on the wing.

The pressure coefficient is calculated by Bernoulli's
equation

(4)

For thick wings the induced velocity at control point / is
given by

on the upper surface and

(5)

on the lower surface.
For wings with zero thickness, we obtain from these

equations

(6)

The calculation of the velocity induced by the distributed
vorticity vector at control point / is detailed in Ref. 23.

Delta-Wing Paneling
Chord Plane Paneling of Delta Wing Mean Camber Surface

The chord plane of the mean camber surface of delta
wings is divided into panels by a new delta paneling method.
In this method the chord plane is divided into panels by
equally spaced spanwise lines and the same number of
equally spaced chordwise lines as shown in Fig. 2. The
triangular panels formed at the leading edge are extended
outside the wing chord plane to form rectangular panels
similar to the inner panels. A horseshoe line vortex is placed
on each of these panels with its bound vortex located at the
panel's one-quarter chord. A control point is placed at three
quarters of the panel's center chord. The trailing line vortices
of the inner panels' horseshoe line vortices are embedded in
the wing chord plane and emanate from the wing at the trail-
ing edge. The trailing line vortices at the leading edge are
allowed to emanate from the wing into the freestream and
are free to interact and roll up into the leading-edge vortex
pattern.

The present method was found to give very good results in
comparison with experimental data over a wide range of
aspect ratios of delta wings. The shedding of line vortices at
the leading edges of delta wings generates the nonlinear
behavior of the aerodynamic characteristics at high angles of

°0.80 1 - 2 0 3 - 6 0

0.80

3 - 8 0 1 - 2 0 • 60 2 - 0 0 2 - 4 0 2 - 8 0 3 - 2 0 3 .60 4 .00

Fig. 3 The calculated wing and wake's shape for a flat planform
delta wing of ^R = l, for NCxNS = 12x12 at a = 20 deg.
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attack. The calculated aerodynamic characteristics of delta
wings strongly depend on the strength of the line vortices
shed at the leading edges. The strengths of these line vortices
depend mainly on the geometry of the panels at the leading
edge. The present method geometry of the leading-edge
panels is responsible for the proper strengths of the leading-
edge line vortices. Note that the extension of vortices of the
leading-edge panels out of the wing has a different angle
than that used in Refs. 13-15. It was found that for small
aspect ratios the results obtained by the two models are
similar, while the present model enables convergent results to
higher aspect ratios of 2-3. In the forces and moments
calculations, only the actual area in the leading-edge panels
is taken into account.

For cambered wings the line vortices mesh is laid out on
the wing chord plane. This ensures that the strength of the
line vortices, especially the strength of the leading-edge line
vortices would be free of the effect due to the surface cur-
vature deformation at the leading-edge cells. It also ensures
that in the case of thick, cambered wings, the control points
of the thickness configuration coincide with the control
points of the camber surface.

Chord Plane Paneling of the Thickness Configuration
of Thick Delta Wings

The chord plane of the thickness configuration is divided
into panels by the delta division method that was described
in the previous section. The same number of subdivisions is
used for paneling the chord plane of the thickness configura-
tion and the chord plane of the mean camber surface of
thick wings. Thus, for thick wings the control points on the
chord plane of the thickness configuration coincide with the
control points on the chord plane of the mean camber
surface.

Reduction of Computing Time
Reduction of the computation time was achieved by

1) modifying the iterative procedure 2) a more efficient
calculation of the induced velocities and 3) the use of a
geometrical spacing for the free vortices in the wake.

The introduction of these changes (details are given in Ref.
23) resulted in reduction of the computer time by an order of
magnitude to about 2-20 min on the IBM 370/168 computer.

Results and Discussion
Results for Flat Planform Delta Wings

Figure 3 shows the computed flowfield of the line vortices
shed from flat-planform delta wing of ^= 1 at a. = 20 deg.
The computed flowfield pattern agrees well with experimen-
tal visualization of the flowfield.24 In the calculations, the
first leading-edge line vortex closest to the wing apex tended
to oscillate in space during the iterative process, thereby
preventing a full convergence of the procedure. In order to
prevent this, the first leading-edge line vortex was forcibly
embedded in the wing plane, leaving the wing only at the
trailing edge. In order to prevent numerical problems, a
cutoff distance of 10~4 C0 is used in all present calculations.

Figure 4 shows the computed results for the lift coeffi-
cients and for the pitching moment coefficients, calculated
for planform delta wings of ̂ . = 0.25, 0.5, 1.0, 2.0, at o: = 20
deg. The results are compared with the computed results of
Johnson et al.,19 obtained by the Boeing-LEV code calcu-
lated once with a simple wake model and once with a near
wake model. The results are compared also with the results
of the suction analogy of Polhamus and with experimental
data obtained from Refs. 25-30. The present results are
calculated with NC X NS = 12 x 12 subdivisions, with a
discretization step length of the free leading-edge line vor-
tices Ax/C0 = 0.06 (i.e., with a step length/wing mesh length
ratio # = 0.72) and with free leading-edge and trailing-edge
rolled-up wakes extending up to 0.5 of the wing root chord
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Fig. 4 Variation of the lift and pitching moment coefficients with
the aspect ratio for flat-planform delta wings at a = 20 deg.
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Fig. 5 Height of center of vorticity and vortex core path for a flat-
planform delta wing, /R=l .

behind the wing trailing edge, terminating with semi-inifinite
segment lines. These conditions are optimal for these calcula-
tions as determined in the parametric study which will be
discussed later in the paper. The results obtained by the pres-
ent paneling method are in very good agreement with the
experimental data over the range of aspect ratios. At the
higher aspect ratio, yR = 2, the current method result for the
lift coefficients is in good agreement with the Boeing-LEV
code (with the near wake model) and is somewhat lower than
the Polhamus suction-analogy result. These three methods
predict higher lift coefficients than shown by the experimen-
tal data. Examination of the experimental results shows a
loss in lift at higher angles of attack due to vortex bursting
over the wing at the high angles. Experimental results of
Wentz29 show that, for a delta wing of .̂ = 2, vortex
breakdown appears over the wing at about a =18 deg. The
present method as well as the Boeing-LEV method and the
suction-analogy method do not account for this
phenomenon; therefore exact correlation with the experimen-
tal data for this wing at a = 20 deg is not possible.
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The center of vorticity of the free line vortices at chord-
wise location Xj/C0 is calculated by relation:

(7)

where NJ is the number of free line vortices entering the
cross plane at location Xj/C0 and rt is the position of the
free line vortex Tf. For X/C0>19 two summations are per-
formed, one for the positive turning line vortices and the
other for the negative ones. Figure 5 shows the calculated
results for the height of center of vorticity above the wing
chord plane ZC/C0 and its lateral position Yc/l/2b(x) as a
function of the chordwise location X/C0. Results are
presented for a flat-planform delta wing of &= 1 at a = 15.3
deg. The experimental results of Peckham25 for the position
of the coiled vortex sheet cores as measured at a number of
chordwise stations for the same wing and flow conditions are
also presented. It is interesting to note that the position of
the rotation center as calculated by Eq. (7) is similar to the
position of the measured vortex core. Figure 6 shows the
calculated results for the height of the center of vorticity as a
function of the aspect ratio for a = 20 deg. As is seen from
this figure, the center of vorticity moves farther away from
the wing as the aspect ratio of the wing is increased.

Figure 7 shows the computed load coefficient distribution
ACp, calculated for a flat-planform delta wing of yR=l at
a = 20.42 deg, at three chordwise locations. Results are
presented for three mesh spacings: 1) NCxNS= 12x12,
i.e., 78 panels per half wing; 2) NCxNS= 15 x 15, i.e., 120
panels per half wing; and 3) NCxNS= 18x18, i.e., 171
panels per half wing. The results for &=l are compared
with the experimental data of Hummel,31 which were linearly
interpolated to give the values at the same chordwise sta-
tions, obtained for a turbulent boundary layer. The general
agreement between the calculated results and experimental
data is quite good. Although it should be noted that the ex-
periments of Hummel31 on the flow over a delta wing of
& = 1, which were carried out for a wide range of Reynolds
numbers, have shown that the Reynolds number has no in-
fluence on the overall characteristics of the wing. However,
the Reynolds number has quite a strong effect on the
pressure distribution on the wing. Therefore we can expect
only a qualitative agreement between the present potential
results for the pressure distribution and the experimental
measured data. The three-dimensional nonconical load dis-
tribution near the trailing edge is also well predicted by the
present method, including the location of the vortex-induced
pressure peak and the decrease of the load toward the trailing
edge.

In some cases the calculations indicate the existence of a
second peak just outboard of the main leading-edge vortex
peak. Experimental results of Wentz,28 Hummel,31 Hummel

Z / C o

0.1

PLANFORM DELTA W I N G

a - 2 0 °

PRESENT METHOD :

A FR = 2

O FR= 1

• m=0.5

et al.,32 Kirkpatrick,30 Marseden et al.33 and others, for
delta wings at high angles of attack, clearly show the ex-
istence of a secondary vortex which occurs on the upper sur-
face of the wing with its center located just outboard of the
main vortex center, rotating in direction opposite to that of
the leading-edge vortex. This secondary vortex is a result of
the interaction of the vortices generated on the upper surface
near the leading edge. The secondary vortex raises the suc-
tion near the leading edge, thereby generating a second peak.
Although in the present calculation the flow over the wing
(except at the leading edge) is assumed to be inviscid, the
computed load distributions are similar to those of the real
flow. Examination of the strengths of the line vortices
embedded in the wing chord plane shows that the trailing
line vortices on the wing chord plane are of opposite sign to
that of the free leading-edge line vortices. At each cross sec-
tion X/C0 of the wing chord plane, the strengths of the trail-
ing line vortices gradually increase toward the wing leading
edge, up to about 0.8[Z?(jc)/2], and then decrease quite
rapidly toward the wing leading edge. The trailing line vor-
tices that emanate from the wing at its trailing edge are also
of opposite sign and rotate in the direction opposite to that
of the free leading-edge line vortices. Releasing the trailing
line vortices from the wing chord plane would probably
generate a secondary vortex rotating in the opposite direction
to the leading-edge vortex, with its center located just out-
board of the main vortex center. On the other hand, the
twin-peak distribution may be attributed to numerical stabil-
ity problems in the computation of the leading-edge vortices
trajectories that induce too high velocities on the wing sur-
face at certain locations. However, the fact that this second-
ary flow appears in the velocity field calculations, as
already indicated in Ref. 12, may be taken as an indication
of the capability of this method to predict this phenomenon.

Results for Cambered Wings
Results are presented here for a symmetrical sharp leading-

edge delta wing of yR=1.15 having a constant-percent
camber at each airfoil section. The wing camber profiles are
the NACA 230 mean lines designed for a section lift coeffi-
cient of C7 = 0.5.34 The resulting surface has a maximum

PLANFORM DELTA WING
FR=1 '-tt =20.4

A EXPERIMENT [}1\ .
TURBULENT B. L.
PRESENT METHOD :

D N C x N S = 1 2 x 1 2
A N C x N S = 1 5 x 1 5

N C x N S = 1 8 x 1 8

0.8 1.0 0.2 0.4 0.8 10 2 y / b ( x )

Fig. 6 Variation of height of center of vorticity path with aspect
ratio for flat-planform delta wings at a = 20 deg.

Fig. 7 Load coefficient distribution for a flat-planform delta wing
with yR = l, at a = 20.42 deg.
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FLAT DELTA WING FR=115
• EXPERIMENTS REF [28J
O PRESENT METHOD, NCxNS=12* 12

CAMBERED DELTA WING FR=115
A EXPERIMENTS REF. [28]
A PRESENT METHOD N C x N S = 1 2 x 1 2

Fig. 8 Effect of wing camber on lift and pitching moment
characteristics.
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Fig. 9 Effect of wing camber on aerodynamic center of pressure.

camber at the apex, tapering to zero camber at the wing tips.
The wing is illustrated in Ref. 23. The computed results are
compared with the experimental results of Wentz28 for the
same wing. The results are also compared with the computed
and the experimental results obtained for a flat-planform
delta wing of the same aspect ratio.

Figures 8 and 9 present the computed results and the ex-
perimental data for the lift coefficient, pitching moment
coefficient, and aerodynamic center of pressure, respectively,
as a function of the angle of attack, for the cambered delta
wing and its counterpart flat-planform delta wing. As seen
from these figures, the computed results are in good agree-
ment with the experimental data for both the cambered and
uncambered delta wings. Comparisons of the results for the
cambered wing with those of the flat-planform wing shows
that the effect of cambering is to increase the lift coefficient
and to produce a more negative pitching moment. The posi-
tion of the aerodynamic center of pressure of the cambered
wing is somewhat rearward compared with that of the flat-

FLAT DELTA WING FR=1.15
• EXPERIMENTS REF \2B\
o PRESENT M E T H O D , N C x NS = 12x i2

CAMBERED DELTA WING FR=1.15
A EXPERIMENTS REF. [28]

A PRESENT METHOD, N C x N S = 12x !2

0.1 0.2 0.3 0.4 0.5 0.6 0.7
- D j

Fig. 10 Effect wing camber on drag coefficient.

planform wing. This indicates that the forward part of the
wing suffers from a loss of lift, though the overall effect
of cambering is to increase the lift. Similar trends were
observed in the experiments of Wentz,28 as shown in Figs. 8
and 9. Figure 10 shows the computed results and the ex-
perimental data of the induced drag coefficient as a function
of the lift coefficient for both the cambered and the flat-
planform delta wings. As seen from this figure, the effect of
cambering is to reduce the induced drag coefficient. The
computed result for the induced drag coefficient of the
cambered wing is smaller than that of the flat wing by about
11% for CL = \.2. This result is in accordance with the ex-
perimental results. The reduction in the induced drag is due
to the thrust component generated by the cambered leading
edge of the wing.

Results for Thick Wings
The present method accounts for the thickness effects by

superpositioning a panel source distribution obtained at zero
incidence and set at an angle of attack on a vortex lattice laid
out on a chord plane of the mean camber surface. This
method is applicable only to small thickness and low
cambered wings. In trial runs the vortex lattice was laid out
on the thick wing surface to fulfill the correct boundary con-
dition. This model resulted in extremely strong interaction
between the vortices at the wing's leading edge, which caused
divergence of the iterative procedure. Therefore, the present
approximation, which does not fulfill the correct boundary
condition for very thick cambered wings, is used.

Results are obtained for a symmetrical delta wing of
A=l, having a 12% biconvex arc section at the centerline
and a surface generated by radial straight lines from the tips.
The wing is illustrated in Ref. 23. This wing has a constant
biconvex shape with a constant thickness/chord ratio across
the span. Results are also obtained for a planform delta wing
of the same aspect ratio, A=l . The computed results are
compared with the experimental results of Peckham25 for
these wings.

Figures 11 and 12 show the calculated and the experimen-
tal results for the lift coefficient, the pitching moment coeffi-
cient, and the aerodynamic center of pressure, respectively,
as a function of the angle of attack a. for the thick wing and
its counterpart planform wing. The computed results are in
very good agreement with the experimental data.

Comparsion of the results for the thick wing with those
for the planform wing shows that the thickness causes a
reduction in lift and a less negative pitching moment. The
position of the center of pressure of the thick wing at high
angles of attack is somewhat rearward compared to that of



JUNE 1985 NONLINEAR SUBSONIC CHARACTEFISTICS OF WINGS 823

the planform wing. This indicates that the greater portion of
the loss of lift occurs over the forward part of the wing.
Similar trends were also observed in the experiments of
Peckham,25 which are also shown in Fig. 12. Figure 13
shows the computed and the experimental results of the in-
duced drag coefficient CD. as a function of the lift coeffi-
cient CL for the thick wing. The drag due to lift coefficient
of the planform wing, CLtana, is also shown. As is seen
from this figure, the thick wing drag is lower than the
CLtana value. This result is due to the suction induced by
the coiled vortex sheets (simulated by the vortex lines) acting
on the forward sloping parts of the thick wing upper surface.

Figure 14 shows the calculated results for the heighf of the
center of vorticity, ZC/C0, as a function of the chordwise
location X/C0, for the thick wing and for its counterpart
planform wing. The experimental results of Z/C0 of the
cores of the coiled vortex sheet, measured at a nurher of
chordwise stations, are also shown in this figure. Com-
parison of the computed and experimental results for the
thick wing with those of the planform wing shows that the
center of vorticity of the thick wing is slightly farther away
from the wing chord plane over the front and the central
region of the wing.

Figure 15 presents the computed pressure coefficient
distribution of the thick wing, obtained for a - 20.42 deg at
X/C0 = Q.13. Results are presented for two mesh spacings:
NCxNS= 12x12 and 15x15. This figure also presents the
experimental pressure coefficient distribution obtained by
Peckham25 for the same wing and flow conditions. The pres-
ent calculation does not predict the pressure peak near the
leading edge of the wing as seen from the experimental data.

The Effects of Various Parameters on the Results
The sensitivity of the results to variations in the numerical

parameters used in the computation method was studied.23

The most efficient value for the initial inclination of the free
line vortices was found to be a0-a/2 at zero yawing angle.

The computed results for three wake lengths 0.5C0, 1.0C0,
and 2.0C0 are found to be practically identical. Therefore, in
order to use less computing time, all calculations are com-
puted with a rolled-up wake length of 0.5 root wing chord
behind the wings' trailing edges followed by straight line ex-
tensions of the vortex wake downstream.

1 0

0.8

0.6

0.4

0.2

0

-0.10

-0.20

-0.30

-0.40

-0.50

-0.60

-0.70

PLANFORM DELTA WING FR=1:

• EXPERIMENTS.REF \25\
- A PRESENT METHOD.NCxNS= 12x12

THICK DELTA WING, ffi = 1, t /C o = 0. 12:
O EXPERIMENTS, REF. [25]
D PRESENT METHOD, N C x N S = 1 2 * 1 2

Numerical experiments indicate that the suitable length of
the free leading-edge line vortex segments should be between
0.25 and 1.0 of the length of the wing cells.

The effect of the number of panels on the lift coefficient,
the pitching moment coefficient, and the center of pressure is
presented in Fig. 16 for flat-planform delta wings of ;R= 1.0
at a. = 20 deg. Similar results for ^ = 0.5 and 2.0 are
presented in Ref. 23. Denoting by R the ratio of the leading-
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Fig. 12 Effect of wing thickness on the aerodynamic center of
pressure.
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Fig. 13 Drag coefficient characteristics of the thick wing.
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Fig. 11 Effect of wing thickness on lift and pitching moment
characteristics.
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Fig. 14 Effect of wing thickness on height of vorticity center.



824 R. GORDON AND J. ROM AIAA JOURNAL

THICK DELTA WING
FR =1 , t / C 0 = 0 . 1 2

O. = 20. 4°, X / C 0 =0.73
O EXPERIMENTS REF. [j5~

PRESENT METHOD :
a NCx NS = 12 x 12
A NCx NS =15 x 15

0.4 0.6 0.8
_J____I____i 1.0

I

0.2 -

Fig. 15 Pressure coefficient distribution of thick wings at

0.7

0.6

FLAT. PLANFORM DELTA WING

FR=1, a = '20 .42*
I RANGE OF PRESENT METHOD RESULTS FOR 0 35 S
• PRESENT METHOD RESULTS FOR R = 0 7

EXPERIMENT [25,28J

EXPERIMENT [3]]

4
0 20 40 60 80 100 120 UO 160 180 N

CM 0 EXPERIMENT Qe]

-0.4

-0.3

EXPERIMENT [31]
EXPERIMENT [25]

0 20 40 60 80 100 120 140 160 180 N

Xcp /Co

0.7

0.6

0.5

EXPERIMENT

EXPERIMENT C25.3l]

the pressure distribution for planform and cambered delta
wing over a wide range of aspect ratios. The calculated aero-
dynamic coefficients are found to be in very good agreement
with experimental data. The pressure distribution calculation
for these zero thickness wings is in reasonable agreement
with experimental data. The good agreement is due to the
special geometry of the horseshoe vortex element and the
positioning of the control point in each cell, particularly in
the triangular cells at the leading edges of a delta wing.
Physically this model approximates the straight leading edge
of the delta wing by a sawtooth-type leading edge. This
model is applied to flat wings as well as cambered wings with
very good results.

This model is also extended, in this work, to thick wings
by adding panel-source distributions over the chord plane of
the thickness configuration. Here again the calculated results
for the aerodynamic coefficients simulate the experimental
data very well. The calculated pressure distribution for thick
wings, although indicating a secondary vortex separation
near the trailing edge, does not predict the high-pressure
peak found in the experiments of Ref. 25.

Since the accuracy of these calculations does depend on
the particular selection of the various parameters in the
numerical method, the sensitivity of the results and the con-
vergence of the calculations are examined in a parametric
study. This study shows that for reasonable values of the
controlling parameters, the method enables reasonable con-
vergence to a unique result.

A very significant improvement is achieved by the reduc-
tion of computing time. Here, by the use of the appropriate
iteration procedures and computation techniques, the re-
quired computer time is reduced by an order of magnitude
enabling calculations of wing characteristics in 2-20 min on
an IBM 370/168 type computer.

The present method for the calculations of the aerodynamic
characteristics of thin and thick wings can be combined with the
calculations of the aerodynamic characteristics of bodies
presented by Almosnino and Rom. Such a combined program
should enable the evaluation of aerodynamic characteristics of
wing-body configurations up to relatively high angles of attack.
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Fig. 16 Aerodynamic characteristics convergence with number of
panels for a flat-planform delta wing with JR. = 1 at a = 20 deg.

edge line vortex segment length over the wing cell length,
these figures show that the calculated aerodynamic coeffi-
cients converge for about 78 cells, namely, for NCxNS =
12 x 12. Figure 16 shows that at 171 cells there is a sudden loss
of accuracy. This is probably caused by the accumulation of
roundoff errors due to too many computations and by the er-
ratic behavior that results from the increase in the number of
free line vortices. Therefore, with the present cutoff distance
using a limited number of divisions of the wing planform is
recommended; 12x12 to 15x15 divisions are reasonable. It
may be worthwhile to investigate the effects of varying the
cutoff distance on this phenomenon.

Conclusions
The new vortex lattice model investigated in this work

enables the calculation of the aerodynamic coefficients and
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